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Developing Pupils' Mathematical Independence   through Problem Solving Activities

There is a growing body of evidence indicating that when pupils spend time developing their mathematical thinking through problem solving, they become more motivated by the subject and are more likely to continue studying mathematics related subjects beyond the age of 16. They are also likely to be more successful in standard tests and will be better prepared to progress further, with more confidence and independent thinking skills in place.

This one day course will address the following important questions:

Why should we encourage Problem Solving and Mathematical Thinking and what are the skills pupils should be developing? 

How can we integrate Mathematical Thinking and Problem Solving into lessons and what resources are available to support this?

The course will involve a mixture of practical activities alongside discussion of the skills pupils (and teachers) need in order to be good problem solvers and mathematical thinkers, as well as addressing the key classroom management issues associated with incorporating problem solving activities into regular lessons.

By the end of the day participants will have engaged in several problem solving activities, and examined what it means to problem solve and to think mathematically. Delegates will also be given clear guidance on identifying criteria for good problem solving activities and be able to actively discus implications for teaching and classroom management of adopting these approaches.

During the course of the day we will:

· Engage in several problem solving activities,

· examine what it means to problem solve and to think mathematically,

· identify criteria for good problem solving activities,

· discuss the implications for teaching and classroom management of adopting problem solving approaches,

· look at examples of mathematical thinking strategies and problems and resources to use in the classroom. 

 Problem-solving, mathematical thinking, mathematical literacy
The literature around problem solving is somewhat confusing because terms such as “problem-solving”, “mathematical thinking” and “mathematical literacy” are used with different meanings by different people.  

In this course I will make a distinction between these terms in order to clarify some of the issues that arise as a result of teaching about or through problem solving.  I will use:
· “problem solving” to describe the general heuristics or stages in problem solving;
· “mathematical thinking” as the underpinning techniques that support problem solving (like “being systematic” or “breaking a problem down”);
· “mathematical literacy” as the ability to apply problem solving and mathematical thinking skills in a range of contexts and environments, including working with others and working independently.

These terms will be discussed in more detail during the course.

Most student’s experience of mathematics involves studying materials and working through tasks set by their teachers, or as being passive observers of mathematics (Boaler, 1997) with very little room for the entrepreneur or creative thinker.  Students do not generally expect to be challenged by an unfamiliar situation.  When pupils are placed in problem-solving situation it is nearly always within a context that is very familiar, for example, a problem involving the application of a mathematical concept the pupils have just been taught.  Such situations do not generally foster independence because the students are aware of clear boundaries and know what knowledge to apply.  Problems are often closed with very little room to explore.  Independence is about being given some mathematical space to develop a “habit of mind” that gives pupils confidence to tackle problems that are challenging and through this to experience:

“The joy of confronting a novel situation and trying to make sense of it - the joy of banging your head against a mathematical wall, and then discovering that there may be ways of either going around or over that wall” 

 Page 43 (Olkin & Schoenfeld, 1994)
However, to achieve this, we need to know what is likely to spark such an experience.  Having identified the “what” and we need to make it explicit in what we teach. 

In the Key Stage 3 Framework in the UK (DfEE, 2001) The section on “Using and Applying mathematics and thinking skills” states:
“Thinking skills underpin using and applying mathematics and the broad strands of problem-solving, communication and reasoning.  Well-chosen mathematical activities will develop pupils’ thinking skills.”
The Framework does not define “thinking skills” but one can assume this refers to particular mathematical skills that aid problem solving.  Part of the aim of this course is to identify what some of those skills are, so we know what we need to offer pupils in order to make them become independent mathematical thinkers.  There might be an implication that all we have to worry about is content (appropriate mathematical activities) but, whilst good materials are necessary they are certainly not sufficient.  Teachers play a vital part  What we need to do is put some meat on the bones of the “art and craft” of mathematics by considering in some detail what the heuristics of problem-solving and mathematical thinking are and how we as teachers can  support the teaching of  those skills.   
What do we mean by a problem?

 “A problem is not inherent in a task but depends on the individual.”

Page 74 (Schoenfeld, 1985)
A problem to one student is not necessarily a problem or the same problem to another because:

· they can, or cannot, immediately see how to tackle it, and /or

· they have not got the mathematical content repertoire to solve it at hand, and/or

· they take a different route to a solution to that expected or to those adopted by other students and/or

· they end up with a different answer, not in the sense that there is only one answer but, for example,  that it might be incomplete or, results from having taken a different route, or is not generalised when a generalisation is possible and/or

· their experiences of tackling the problem have differing emotional impacts.

The first bullet point distinguishes between those for whom the context is not a problem at all to those for whom it is a problem.  The last four bullet points really begin to draw out the notion of a problem being a different problem for anyone who tackles it.  This is either because of the knowledge and experience they bring to the problem-solving process or because of their own sense of autonomy or emotional baggage they bring to, or which emerges from, tackling the problem.  This links to the valuing of difference in terms of individuals and solutions and the notion that an approach of a student needs to be acknowledged as one which reflects their “state of knowing".  

So, to define a problem we have to consider the solver in terms of their knowledge, their ability to start towards a solution and their ability to engage in a problem as it relates to their knowledge, their emotional state and their belief systems and sense of autonomy.  We also need to consider the problem itself, both in terms of its context and its purpose.  I will return to considering what might be a good problem based on this loosely defined view but first it is useful to look in a little more depth at the purpose of problem-solving.  

What is the purpose of problem-solving?

When we encourage pupils to engage in problem solving we might have one of a number of reasons. Firstly, one can consider problem-solving as a process.  Here problem-solving is seen as mathematical activity in its own right, often with problems designed to extend or connect mathematical concepts..  In these circumstances, the problem-solving is undertaken explicitly “for” the purpose of being mathematical.  Secondly, problem-solving can be viewed as an instructional goal, learning “about” problem-solving.  This involves the overt teaching of problem-solving skills, teaching about how to solve problems.  Thirdly, one can use problem-solving as an instructional method to learn new mathematical concepts, that is teaching “through” problem posing and problem-solving.

All three of these contexts offer opportunities for pupils to develop independent thinking and communications skills, for example by forming hypotheses, coming to ones own understandings and then convincing others of the veracity and reliability of conclusions.

Other authors including Polya (1957) Mason and Davis (1991); Mason, Burton et al. (1982) and Watson (2001) have also contributed ideas on the purpose of problem-solving in mathematics.  Within these texts are other suggestions, most notably the value of problem-solving as a motivational tool and experiencing problem-solving as a representation of what mathematics is “really about” (that is with no utilitarian purpose except having a sense of what mathematics is).   
What does it mean to problem solve?

“more important than specific mathematical results are the habits of mind used by people who create those results”

Page 375 (Cuoco, Goldenberg et al., 1996)
Problem-solving in the literature has a range of interpretations.  For example, this can mean the solution of word problems involving basic number skills  through to problems requiring the unpacking of compound texts alongside the use of well defined, if complex, algorithms.  Alternatively, problem-solving cn be considered as a continuum from working through single step rote exercises to problem-solving as a multiple step activity. Finally, there are cultural interpretations of problem-solving which focus on the context within which problem-solving occurs, such as “real world” mathematics.
I believe that one of the reasons problem-solving is hard to implement in the classroom results from the fact that the processes and language of problem-solving are not sufficiently clear and therefore discussing how to embed them in practice is difficult to describe. This situation can be likened to teaching the area of triangles without telling pupils what they will be doing, or having the language of area and properties of simple shapes to support the teaching and learning.  We need a shared language of problem-solving so that we can then share this language and the structure with pupils and explicitly model and talk about it, knowing that there is then some chance of a shared understanding.  

Amongst the earliest work on describing a structure for the problem-solving process was that of Dewey in 1933 involving a five stage model (motivation; question restated, interpreted and analysed; solutions proposed; solutions examined; good solutions selected and applied).  These five stages have much in common with the work of Polya (1957) who expounded and related a four element model for problem-solving to practical examples in mathematics.  Those four elements (or problem-solving heuristics) were; understanding the problem, devising a plan, carrying out the plan and looking back.

It is also hard to think of a problem I have tackled where, either consciously, or sub-consciously, I have not revisited ground either in identifying what the problem was about, or in choosing a method of solution or, once I have found a solution wondering whether there were other routes I could have taken or other questions worth asking and in this sense the (apparently) linear model of Polya does not represent what appears to happen in practice. .  Problem-solving is an iterative process based on identifiable elements, that have some sense of linearity but with a significant amount of “revisiting”, as illustrated in Figure 1  The CAPE Model.  
So, what makes a good problem? 

If a problem is good, it will be fit for a particular purpose.  

Some purposes:

· allows for different methods which offer opportunities to identify elegant or efficient solutions 

· requires a solution that calls for a good understanding of process and/or concept and not merely routine following of a given recipe
· opens up patterns in mathematics,
· leads to generalisations,

· reveals underlying principles,

· can lead to unexpected results,

· draws together different mathematical concepts or branches of mathematics.

The initial impact of the problem:

· uses succinct, clear, unambiguous language,

· draws the solver in,

· offers intriguing contexts such that solving them feels worthwhile,

· gives opportunities for initial success but have scope to extend and challenge (low thresh hold high ceiling problems).
Descriptions related to the experience for the solver:

· encourages solvers to think for themselves,

· gives “the solver” a sense of slight unease at first because they are not sure whether the way they are approaching the problem is necessarily going to lead anywhere,

· encourages solvers to apply what they know in imaginative ways.

Mathematical thinking
Problem-solving has been reserved for the structural approach to (heuristics of) solving problems;  the overview, or steps on the journey from meeting a problem for the first time to its solution.  Problem-solving identifies and develops competence in applying the stages on the journey towards solving a problem.  However, this does not account for the mathematical strategies that are being utilised at each stage of the problem-solving and the complexity of some of the strategies that might be required in order to come to understand the problem, or devise a strategy for solution 

I use the term “mathematical thinking” to describe some of these underpinning skills and the overarching confidence and competence to apply problem-solving skills is sometimes called mathematical literacy.

A list of some mathematical thinking might include:
· generalising (as identifying patterns –general or common patterns – formulae – looking for an essential shape or form);
· being systematic;

· using mathematical analogy

· visualising and Modelling;

· utilising multiple representations;

· introducing variables;

· specialising, looking for a particular case (specific action that comes out of the problem – doing a particular thing to help to simplify, e.g. paper folding);
· solving simpler related problems;

· working backwards;

· representing information– diagram, table;
· identifying and describing patterns;

· testing ideas - guessing and testing (hypothesizing);
Two of these aspects of mathematical thinking (Being systematic and Generalising form the focus of the two “Mathematics Trails” books (Piggott & Pumfrey, 2005; 2006)) and further books are planned to support other aspects of mathematical thinking.

Teaching for independence through problem solving

Problem solving should take place within a community of practice, with pupils engaging in communal sense making, and practices of enquiry with an emphasis on individual as well as social sense making and pupils being given room to explore.  

Teaching approaches should:

· allow for different methods and offer pupils opportunities to identify elegant or efficient solutions;
· offer opportunities to broaden students’ problem-solving;

· deepen and broaden mathematical content knowledge such as revealing patterns, leading to generalisations or unexpected results;
· have potential to reveal underlying principles or make connections between areas of mathematics;
· include intriguing contexts, including “real world” contexts or games which do not “dumb down” the mathematics;

· offer opportunities for success;
· offer opportunities to observe other people being mathematical or the role of mathematics within cultural settings (art, history, music,…).
Pupils should:
· feel drawn into the mathematics either because of the context or the mathematics that emerges from the problem itself, which can start with a sense of slight unease;

· develop as confident and independent, critical thinkers;

· be encouraged to be creative and imaginative in their application of knowledge.

Implications:

Teachers will need to identify resources and contexts that support the needs of the pupils and the ordered development of skills by utilising (for example) gradients of similarity and complexity,

Teachers need to create an atmosphere in which:
· they engage in dialogue and other interactions including the use of modelling and metacognition and the use of props or cues, as teaching and learning tools, 

· pupils are involved in a community developing appropriate language to enhance communication as a vehicle for sharing ideas and individual and communal sense making,

· the individual is valued within the group by encouraging pupils to be creative, independent thinkers who have time to explore starting points and alternative routes,

· different approaches are valued but pupils also engage in a critical evaluation of effective and efficient methods.
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